Segmentation is typically the first step in computer-aided-detection (CADe). The second step is false positive reduction which usually involves computing a large number of features with thresholds set by training over excessive data set. The number of false positives can, in principle, be reduced by extensive noise removal and other forms of image enhancement prior to segmentation. However, this can drastically affect the true positive results and their boundaries. We present a post-segmentation method to reduce the number of false positives by using a diffusion scale space. The method is illustrated using Integral Invariant scale space, though this is not a requirement. It is quite general, does not require any prior information, is fast and easy to compute, and gives very encouraging results. Experiments are performed both on intensity mammograms as well as on Volpara® density maps.
Introduction
Breast cancer is the most common type of cancers, with over 55000 cases reported annually and over 12000 deaths in the UK alone. In most cases, mammography is the first step towards diagnosing breast cancer where a radiologist tries to find abnormalities, which are mostly masses, microcalcification, architectural dissertation or breast asymmetry, in an x-ray mammogram. A number of approaches have been proposed over the past decade to detect masses in mammograms. Nevertheless, the high number of false positives poses a major challenge for relying on the segmentation accuracy, in clinical use and thus robustness of these computers aided detection (CADe) systems [1] . However, its use can significantly reduce the false negative errors and could improve individual performance of the radiologist to potentially eliminate the need of double reading [2] . False positive reduction (FPR) methods try to improve CADe performance by purging the number of candidate regions which may be suspicious of abnormality. Various approaches exist in literature, ranging from texture features [3] to shape [4] , from simple thresholding [5] to expensive computational methods [6] , [7] . Here we propose a simple and robust method based on Integral Invariant kernel [8] , [9] to detect masses in mammograms, while highlighting a few potential candidates. Additionally, it can suggest their ordering in a mammogram for likelihood to be a mass. It should be noted that this is not a classification method to detect cancers, but in essence, it reduces the pool of candidate regions post-segmentation.
Here, we have applied Integral Invariants scale space [9] to reduce the number of false positives in mammograms. Integral invariants have been previously applied to mammograms for mass detection, segmentation and feature enhancement [9] - [13] . As the integral invariants retain causality at increasing scales for salient regions in 2D shapes; they also retain causality when applied to a surface, which is a 3D embedding of a 2D image. An x-ray image is an example of such an embedding in which 'interesting regions' appear brighter (and denser) than normal breast tissue and form causal peaks. These peaks maintain causality in response to integral invariant diffusion. Here, we show that this could be applied to the scale space of segmented regions in order to evaluate their saliency, and consequently to reduce the number of false positives in mammograms. Most of the mass segmentation algorithms segments three types of regions inside a breast, which are: 1) a masses 2) fibro-glandular tissues or stroma and 3) regions of light intensity and homogeneous texture surrounded by higher intensity and heterogeneous textures. The number of false positives could be reduced by extensive noise removal; linear/non-linear filtering, however, this drastically affects the true positive results and its boundaries. We have devised a mechanism to restrict the selection of fibro-glandular tissues and lighter homogeneous regions. Simulations are performed on synthetic images and density & intensity mammograms.
Methodology
Suppose that a region in a mammogram has an intensity/density profile extracted across it at spatial scales, such that and Here is the Integral Invariant function at the pixel location in a diffused domain at scale for the region . However, we contend that the saliency of region should also depend upon the overall density of the breast. For example, a dense region of a certain volumetric density that is certainly salient in a fatty breast may not be regarded as evidently salient or suspicious inside a very dense breast. As explained in Fig 1, we define a cost function to determine the saliency of the region in a Volpara® density map [14] by:
̅ is the average volumetric density of a region , and is the overall volumetric density of the breast. For intensity images it will be the ratio of average intensity in the region versus the maximum intensity inside the breast. The other point is that the height of density/intensity profile for a mass is greater (almost double) than that of the fibroglandular tissue or locally low intensity homogeneous regions. This means that a mass will have a relatively higher peak than that of the 'non-interesting' regions. This is one of the reasons to include the difference between the peaks of maximum and minimum intensity/density scale profile, as illustrated in Fig 1.   Fig. 1 . Intensity profile scale space of a region With this in mind, we modify the cost function as follows:
; is negative for low intensity locally homogeneous regions. Regions may be ranked on the basis of their costs to provide likelihood ordering for being a mass. We have found that a true mass will yield a tight and regular pattern of intensity/density profile from the Integral Invariant scale space, dissected along it. Conversely, it will be more distributed and haphazard for false positives. This can be seen in the Fig 3. The intensity/density profile is extracted using the gradient descent method on distance maps generated by the Fast Marching Algorithm (FMA) as in Fig 2. To understand how the method works, we simulated a surface which has peaks and dips of various amplitudes, as shown in the Fig 4. The surface given in Fig 4 is segmented in Fig 5, and FPR is applied to it.
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Fig. 2. Dissection of a mammographic region to extract intensity/density profile.
The path is labelled in yellow figure, approaching from green to red spot in the rightmost images. The distance map is calculated using FMA in the middle figure, whereas the dissected path is computed using gradient decent method. It can be seen that both, less bright and all dark regions, are eliminated by this process. Based on the values, the method can grade regions based on the probability of its likelihood of being of interest. This grading and selection of very bright to less bright regions is dependent on the threshold, which is user defined and is application specific. 
Results
The method has been applied to both Volpara® density maps and intensity images from USF database, with very encouraging results. The ground truth for the USF database was crudely delineated to highlight location of abnormality rather than its precise boundary, whereas only laterality was known for Volpara® density maps. For Volpara® images, the method has also been applied to density maps obtained from 'Manchester 50/50 dataset', which includes 50 screen detected cancers and an equal number of normals, anonymised, each with LCC, LMLO, RCC and RMLO views. These comprise FFDM raw images from a GE Senographe Essential system. FPR was applied to all segmented regions in mammograms and regions of interest were identified. 100% accuracy for true positives was noticed where a grading scheme was applied to grade candidate regions with a beyond a certain threshold. Examples of segmented mammograms from USF database using the illustrated FPR method.
Segmented boundary Ground Truth
Overlaping region Fig 7 and Fig 8 shows a few examples of segmented masses in intensity and density images from USF and Manchester 50/50 database respectively. 
Discussion
We have presented a false positives reduction method to detect regions of interests in mammograms. FPR typically involves the processing of a large pool of features in a computational training framework or by extensive noise removal. However, aggressive denoising can adversely affect the true positive results. We have developed a method using diffusion scale space, with Integral Invariants as an example, to reduce post-segmentation candidate regions. The method is based on the premise that diffusion scale space of a mass yields a high peaked compact set of density/intensity profile over a range of scales, unlike false positives. The method is applied to both density and intensity images with very encouraging results. The major limitation is threshold selection, which is not unique to this method, and can be estimated empirically. Setting up a criterion for dynamic thresholding for this method will highly improve its effectiveness.
